Norris in 1882, Rice in 1914, Gough in 1924, and several others, have commented on the similarity between the shape of the mammalian red cell and that of the "myelin forms" which are assumed by droplets of lecithin in water. These latter are described as circular discs, dumbbell-shaped in cross-section, and varying in diameter from 5# to 10#. They are apparently produced by physical forces at work at the interfaces between the lecithin droplets and the fluid surrounding them and Norris, Rice, Gough, and others have suggested that the biconcave shape of the mammalian red cell is brought about in a similar way. Thus, as Cough puts it, there are two sets of forces operating, the first of which tends to produce contraction of the surface and the spherical form, and the second of which tends to bring about expansion of the surface and a very flattened form: balanced against each other these two sets of forces maintain the typical discoidal form.
of the element. It is clear that if the tension is uniform we shall need to suppose different pressures applied at different points along the membrane if we are to get the required discoidal form. These could be evaluated by finding pl and p~ graphically from a drawing of a cross-sectional view of the cell, but it simplifies matters considerably if we replace this cross-sectional view by a figure constructed in the following way.
A wB C FIo. 1. To illustrate the method of approximately outlining the red cell in crosssection, as explained in the text.
Draw a line AB whose length (conveniently 10 scale units) represents the diameter of the cell. With centers 0, P, draw two circles whose radii = rl = OA = OB are each half the greatest thickness of the cell. With centers on a line CD, bisecting AB, draw two other circles which touch the first two without cutting them and which at the same time pass through the points on CD corresponding to the least thickness of the cell. Let the radii of these latter circles be r2. The figure bounded by the arcs of the smaller circles outside the points of contact and by the arcs of the larger circles inside the points of contact then very closely approximates to the form of the cross-section of the cell, at least in the case of all animals for which we have measurements (see Fig. 1 ). The form of the figure, moreover, is determined by only three measurements, viz. the diameter, the greatest thickness, and the least thickness, and if we have r2/& = k, the value of this constant is approximately 5.3 for the cells of man, 7.9 for the cells of the rabbit, and 3.1 for the cells of the sheep (see Ponder, 1930) . If this approximation to the cross-section revolves about CD, a solid of revolution which approximates to the erythrocyte is formed, and it is unnecessary to point out that not only can pl and p~ be easily found for all points on the surface, but that the volume and area of the resulting solid of revolution are easily calculable.
Taking the erythrocyte of man drawn on such a scale that the semidiameter = 10 units, and evaluating the curvatures, we get the following figures, which, of course, are to be regarded as approximations only. Plotting the values of P, we get Fig. 2 , Curve a, which, although it does not show the values of P accurately, shows them to the same degree of approximation as the above system of circles provides us with a figure of the shape of the cell. In the same figure, Curve b, I have dotted in what is probably more nearly the correct curve. It thus appears that we would have to imagine a pressure directed outwards over the equatorial regions of the cell, and a smaller pressure directed inwards over the biconcavities, if we were to account for the biconcave shape in this way.
The idea that such pressures really exist is, of course, untenable, but the "outward pressure over the equatorial regions" is the same as Gough's idea of an expansive force (which Gough even went the length of attributing to an oriented repulsion of the pigment molecules in the cell interior). The reader will easily grasp the similarity if he imagines a spherical balloon subjected to an outward pressure along the equator. The volume must remain constant, and so the extension of area is accompanied by the sphere becoming somewhat like a spheroid, and the more eccentric this spheroid is, the greater is the area/volume ratio. But, even when this eccentricity is very great we can still get a greater extension of area for the same volume by allowing the flatfish surfaces of the spheroid to become biconcave; in fact, we can get almost any area/volume ratio we like; i.e., the form of the body can be so adjusted as to allow for almost any degree of expansion of the area without any alteration of volume. But in so manipulating the form, we have to remember the condition for hydrostatic equilibrium, and it is clear that the best form will be one which has the desired area/volume ratio and which has at the same time a minimal value for / (1/p~ + 1/p2) dp
Let us see what happens when we try to put these ideas into mathematical form.
We require
) dp a minimum
Converting pl and ps to Cartesians, and varying y,
The differential equation is by graphical integration between suitable limits. The best result which can be obtained is shown in Fig. 3 , and for this curve the constants have the values: X ---0.5, ~ --0.72, 0 = -0.8. This curve, if rotated about its minor axis, gives the solid of revolution which is of the form required by the initial conditions. I scarcely need to point out that the form is suggestive of the shape of the mammalian erythrocyte.
But suggestive as the form may be, it represents an impossible state of affairs, for it has points on its surface, and at these points the tensions would be infinite. If one feels inclined to round off the points, one has to remind one's self that by doing so one brings the whole proof tO the ground. It is for this reason that I refer to the result as disappointing and meaning very little. But the fundamental reasoning is sound: what has gone wrong is that we have had to put y = 0 when x = x0, xl in order to obtain the differential equation. What we need to do is to put, not two points, but two finite curvatures on the surface, or, better, to put four points on the surface, one about the middle of each quadrant of arc, and then to replace them by finite curvatures. In fact, we have to deal with a real membrane with physical properties instead of with a mathematical surface. I am assured that this is beyond the powers of existing analysis. Nevertheless the reader has only to refer to Section I in order to see that there is a problem to be solved, and to re-read Section II in order to see that its contents represent an abortive attempt to solve it.
III
Supposing Norris' theory to be substantially correct, it is interesting to consider the kind of system to which it could apply. The theory demands only one condition, vi$. that the surface of the cell shall exceed the minimum surface for the enclosed volume, and therefore there must be an "expansive force" operating somewhere. This force is often referred to as a "force of negative surface tension" without any clear idea as to how it is developed; we shall therefore consider it in some detail.
1. Consider first a drop of a homogeneous fluid in another homogeneous fluid. Surface tension forces act at the interface so as to bring the surface to a minimum for the enclosed volume, and the form of the drop is that of a sphere. The surface tension forces, however, are opposed by forces within the drop, which suffers a certain compression as a result of the operation of the surface forces; the latter are therefore opposed by an expansive force acting equally in all directions, and due to the fact that the molecules of the drop resist compression. The most familiar evidence of the existence of this expansive force is that the volume of the drop increases if the surface tension falls, and that the vapor pressure inside the drop exceeds that outside it by 2~/r.
2. Next take an imaginary case in which the molecules of the drop repel each other in one direction more than in another. The result of such a state of affairs would be a greater pressure in one direction than in another, e.g. along an equator, and a flattening of the droplet with an increase of the surface above the minimum for the enclosed volume. Here again the forces of surface tension would be operating against an expansive force generated by a repulsion of the molecules of the drop. The difference between this case and that immediately above would be that the surface would be the minimum for the enclosed volume in case 1, and in excess of the minimum in case 2, but this would not be due to the latter system being subjected to a force essentially different from that acting in the former. The expansive force would be present in both, but in the latter it would act to a greater extent in one direction than in another, while in the former it would act equally in all directions.
The idea that the molecules in the cell interior repel each other to a greater extent in one direction than in another is precisely Gough's modification of Norris' theory. It is not impossible in itself, for quite a number of fluids exist in a mesomorphic state. The mesomorphic state, however, is usually most manifest at surfaces, and so we can go on to consider the next case.
3. Suppose that we have a cell membrane investing a homogeneous drop, the whole floating in a homogeneous fluid. The molecules of the membrane are constrained to remain in its plane, and, if they repel each other, the repulsive force will act in this plane. The force of surface tension, acting at the interfaces at the inside and at the outside of the membrane, will tend to produce the smallest surface for the enclosed volume, but will be opposed by the repulsive, or expansive, force just mentioned, the nature of which is essentially the same as it is in cases 1 and 2. Equilibrium will be reached when the surface forces are balanced by this expansive force, and at equilibrium the free energy will be at a minimum, although the surface may not be the minimum for the enclosed volume. 1 1 This idea can be illustrated by a simple analogy. Consider a steel spring. Work has to be done to extend it, and also to shorten it, and in its uncompressed and unexpanded state the free energy is at a minimum. The fact that minimal free energy corresponds to a certain length of the spring is determined by the structure of the metal, and the theory which determines what this length must be is one which deals with molecular structure.
In each one of these cases the expansive force has the same origin, v/z. molecular repulsion in the body of the drop or in its surface membrane, and the only difference between case 1 and cases 2 and 3 is that in the latter the force does not act equally in all directions. It is exceedingly unfortunate that this expansive force has come to be known as a force of negative surface tension, when the only thing which it has to do with surface tension is that it opposes the latter. The term "negative surface tension" has led to a confusion of ideas which, in turn, leads to most misleading results, as an extreme instance of which I may mention Volkonsky's revision of the physical theory of phagocytosis (see Volkonsky, 1933, and Mudd, 1933) .
Norris' theory thus demands that there be a mutual repulsion between the molecules situated in the red cell membrane. It is not difficult to see how such a repulsion might arise, for hydrocarbons with a polar group directed towards the water (COOH groups, for instance, as in lecithin) might be mutually repulsive. Reference to Section I and to Fig. 2, will show, however, that the tensions along the membrane must vary from place to place (if the pressures are the same), and sowe find that Norris' theoryalso demands that the (molecular) structure of the membrane shall not be homogeneous. This is tantamount to saying that the membrane has a "liquid crystal" structure. If so, the membrane cannot be made up of a homogeneous fluid. ~ This hypothesis, viz. that the red cell membrane has a special molecular structure, is not one which can be rigorously tested at the present time. Some light may be thrown on it, however, by considering the conditions under which the special shape of the erythrocyte is changed.
(a) When the cell is acted on by lysins the molecular structure of the membrane is presumably broken down. Under such circumstances the cell always becomes spherical. (For a description of this and other changes in form, see Ponder, 1934.) This idea, as opposed to the idea that the membrane is a region in which monomolecular films exist, is quite in keeping with the little which we know about the structure of cell membranes. Faur6-Fremiet, in particular, has shown that the "petaloid" pseudopodia of lymphocytes are composed of films not unlike those of soap films, in which the molecules are arranged in groups of varying thicknesses, and not in monolayers. A complicated "liquid crystal" structure of the cell membrane is therefore less unlikely than it appears at first sight.
(b) When the medium surrounding the cell is treated with lecithin, the cell becomes spherical without change in volume. The reason for the change in shape is obscure, but one cannot help associating it with the theory that the discoidal shape is due to a repulsion of lecithin molecules in the membrane.
(c) If the cell is in saline and is placed between a slide and a closely applied cover-glass, it becomes spherical without change in volume. Under such circumstances a pressure is developed, because the two glass surfaces are urged together with a force = 2~-r2~/d where r is the radius of the drop between the plates which are distance d apart, and where ~ is the surface tension (fluid-air) of the liquid. Numerically the effect is about the same as that which would be produced by placing 150 gm. on the cover-glass. Again the effect is obscure but it is at least possible that such a pressure might affect a molecular configuration in the cell membrane.
(d) The form of the cell is also largely dependent on the presence of the plasma proteins in the fluid bathing it. If these are removed, crenation occurs, and if the proteins are present the cells will not become spherical between two glass surfaces. In this respect at least the red cell is similar to the myelin forms of lecithin, the shape of which is also largely dependent on the nature of the fluid surrounding them.
These observations, of course, prove nothing, but they show that the shape of the cell may be modified by factors such as might be expected, on a priori grounds, to modify a special molecular configuration within the membrane. At the same time it is interesting to observe that factors which might be expected to change the surface tension at the red cell surface have no particular effect on the shape. The shape is essentially the same, for instance, in isotonic citrate as in plasma, and is not materially altered when the cells are suspended in solutions of surface-active lysins (at least up to a short time before hemolysis), or in solutions of non-lyric surface-active substances, such as emulsin or the brominated saponins.
IV
The fact that we cannot find, from first principles, a formula for the surface of the red cell or for the curve which bounds its cross-section need not deter us from finding an empirical one. This can be done by plotting the cross-section between the limits of +z and -Tr, and then applying Fourier analysis. The short method given by Whittaker and Robinson (1929, p. 271 ) is sufficiently accurate.
Owing to the symmetry of the curve, the coefficients of the sine terms are zero, and the series turns out to be U ffi a0+ a, cosx+a2cos2x+ascos3x
The following table gives the values for the coefficients for the cells of man, the rabbit, and the sheep, these being the only animals for which we have fairly reliable measurements. The curve given by this series fits the cross-section of the cell almost to perfection. The empirical expression has, of course, neither theoretical significance nor immediate practical importance, nor does it offer any advantage in the calculation of either area or volume, but it may prove to be exceedingly useful when the time comes for a detailed investigation of changes in shape of the red cell under various conditions, especially as the standard errors of the Fourier coefficients are known if the standard errors affecting the data are known, as they would be in practice.
SUAr~ARY
This paper is concerned with an attempt to put Norris' theory for the shape of the mammalian erythrocyte into a quantitative form. The theory supposes that the biconcave form of the cell is brought about by an expansive force enlarging the surface, and is also supposed to apply to the formation of the myelin forms of lecithn. The attempt is not successful, and is published merely because it is suggestive. Various points regarding the shape of the cell, the curvature of its surface, and the kind of system to which Norris' theory might be supposed to apply, are discussed, and an empirical formula is given for the curve which bounds the cross-section of the cell. This empirical formula describes the shape almost to perfection.
